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ABSTRACT: Given a renormalizable theory we construct the dilatation operator, in the
sense of generator of RG flow of composite operators. The generator is found as a differen-
tial operator acting on the space of normal symbols of composite operators in the theory.
In the spirit of AdS/CFT correspondence, this operator is interpreted as the Hamiltonian
of the dual theory. In the case of a field theory with non-abelian gauge symmetry the
resulting system is a matrix model.

The one-loop case is analyzed in details and it is shown that we reproduce known results
from N = 4 supersymmetric Yang-Mills theory.
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1. Introduction

AdS/CFT correspondence [[] introduces a correspondence between gauge and string theo-
ries. The central role in this correspondence is played by the scale dependence on the gauge
side. Namely, under this conjecture, gauge invariant composite operators correspond to
physical states of interacting string theory, while their dilatation flow corresponds to the
dynamics of respective states. There were numerous checks of the above conjecture, how-
ever no complete proof of the conjecture was so far obtained (see [P for a classical review
on AdS/CFT correspondence as well as [J—[f] for updates).

On the other hand, independently of whether AdS/CFT correspondence in its original
formulation is true or not, description of scaling properties of quantum field model can
be figured out in terms of a dynamical system. In other words one can define a dynam-
ical system whose states are given by composite operators of the field theory model and
dynamical evolution is induced by scale transformations. The main point is the form of
organization of this dynamics.

In this context huge progress was reached in the analysis of planar N = 4 super
Yang-Mills theory (see [[i] for a review). Thus the dilatation operator was constructed for
this theory at one-loop order as a second order differential operator acting on the space
of normal symbols of local gauge invariant composite operators as well as a higher order



differential operator for some sectors of the theory to higher loops [§-[I]. The planar limit
of this operator was found to correspond to integrable spin chain models [L]—[LJ], which
allows one to make assumptions about the all-order S-matrix of the theory [[4].

Non-planar description can also be given in terms of spin models which generalize
the spin chains by inclusion of a chain fusion and fission interaction [[, [§—[§]. This
interaction is known to break integrability which prevents one from the use of the power
of Bethe Ansatz. On the other hand, the knowledge of the dilatation operator in terms of
a differential operator on the space of normal symbols of composite operators is enough
to have a description in terms of a matrix model and in case when non-planarity plays
an important role this description appears to be more natural than one in terms of spin
systems [[[9-R1].

The progress reached for the N' = 4 SYM theory would be nice to extend to other
cases of gauge/string correspondence e.g. quiver theories 23] or deformed SYM [RJ]. For
the last case a considerable progress was achieved in the study of the scalar sector in the
planar limit [24-P6]. This case has a special significance, since it deals with conformally
invariant theories.

In fact, there is an infinite family of possible gauge theories of interest [27] and it would
be useful to have a generic formula or ar at least a simple algorithm allowing us to just plug
in the action of the model of interest in order to get the corresponding dilatation operator.
Building such an operator is the aim of present study.

We start with broad assumptions about the model: such as free field propagators
and superficial renormalizability of the interaction and build the dilatation operator by
reducing the perturbative series to few patterns which we call scaling factors. Then the
scaling factors are explicitly evaluated. We use the differential renormalization scheme [R§|
in which computation of scaling factors is rather algebraic.

The plan of the paper is as follows. In the next section we give the setup of the
problem. Namely, we describe the assumptions we have about of the model, the quantities
to be calculated and approach to be used. In the third section we consider the general case
of perturbative expansion of dilatation operator in terms of scaling factors. In the fourth
section we analyze the one-loop order of the expansion in details computing all scaling
factors and giving explicit form of dilatation operator. And finally we discuss our result in
the discussion section. Appendices contain useful relations and properties for distributions
as well as some technical parts in order to ease the reading of the main body of the text.

2. The setup

Consider a quantum field theory with massless fields. Assume, that the fundamental excita-
tions of the theory can be parameterized in terms of “letters” ® 4 associated to a space-time
point x, e.g. x = 0. The set of letters which contains all elementary fields of the theory as
well as all their derivatives at x we call alphabet. Elementary letters are the fundamental
bosonic and fermionic fields having mass dimension 1 and 3/2 respectively. For the funda-
mental letters we will use the notations ¢, for bosons and v,; for the fermions. The free



correlators are,

— 1 5ab
Dap(z —y) = dq(x)p(y) = preN .-l (2.1)
for two fundamental bosons as well as
L 1 . 0ij
Daiy5) = VYai(@)p;(y) = m(W“)oﬁaﬂm, (2.2)

for fermions. Each fundamental letter gives rise to an infinite tower of derivative letters,
which we will denote as ¢§f‘) in the bosonic case and wgil) in the fermionic one hiding the
Lorenz indices of all derivatives into the superscript (n):
(bgn) — 3(“1 S 8,un)¢a' (2-3)

In general throughout this paper a bold-face Latin letters like, n, m,r etc will mean sets
of respectively n, m,r indices. We will treat them as usual sets: n + m denotes the union
of both sets, n — k, where k C n denotes completion of k in n. Since the trace parts
of derivatives of the letters corresponding to dynamical variables can be removed by the
equations of motion we assume that all derivative letters are traceless. This is denoted by
parentheses encircling the indices: (n).

The correlators of derivative letters are given by acting with respective derivatives on
the fundamental correlators, e.g.

DY e —y) = S o™ y) = g (2.0
ab b A2 (z — y)?
Basic objects of our analysis are the composite operators which are products of letters.
In the case of gauge systems these operators should also be gauge invariant. If the fun-
damental degrees of freedom are described by fields in adjoint representation of the gauge
group, then the local gauge invariant operators are given by the product of the gauge
invariant “words” which are traces of product of local fields

OA1A2...AL :tI“I’AICI)AQ...(I)AL. (2.5)

Otherwise, the composite operators are just polynomials in the fundamental fields.

In the spirit of [, @] we treat the space of composite operators as the Hilbert space
of a quantum mechanical system.

This system is further defined by the following data: the rising operator inserting a let-
ter ® 4, which we (by abuse of notations) call also ® 4; lowering operator ® 4, which removes
a letter from the word; the vacuum state |€2) is annihilated by all lowering operators,

DA =0, VDa. (2.6)

Then, an arbitrary word can be identified with the result of action on the vacuum state
of a set of rising operators.



The above definition of the Hermitian product makes letters ®4 and ®4 conjugate.
Another property of the product is that for the field-derivatives-free words it is proportional
to the free vev of the product of normal ordered operators stripped of z-dependence,

1 (O |O)

(O O
(- (O 02 (4r2)L (y2)3Al0T+AO]

(2.7)

Generally, it is not true if any of composite operators O or O contain a derivative letter,
since the product any letter by this choice of scalar product is orthogonal to its derivatives,
while at the same time their correlators are non-vanishing.

In this picture the role of time parameter is played by the log of the renormalization
scale.

So, in this work we study the scale dependence of operators built of blocks (R.).
Classically, the scaling properties are given by the dimensionality of the composite operator,
which at its turn is just the sum of dimensionalities of the factors it is made of, e.g.,

L
A[OAIAQ---AL] = ZA[(I)Ak] (2'8)
k=1

Therefore, the classical dimensionality is given by the following first order operator,

Ag = Z AAtI‘(I)A(i)A, (2.9)
{®a}

where the check denotes the derivative,

0

(Y ——
TN

(2.10)
It is not difficult to see that Ay is Hermitian with respect to the natural Hermitian product.
As discussed in [[9-R1, B9, the classical dimension operator (R.9) corresponds to the
Hamiltonian of an oscillator system for which each letter represents an oscillation mode.
At the quantum level, however, the composite operators should be renormalized in
order to make their correlators finite. This is achieved e.g. by addition of cut-off scale

1

dependent counter-terms.” Thus a renormalized version of a composite operator Oy is a

linear combination mixing it with another composite operators,
orer = 77 (1)Oy, (2.11)

where Z7 (1) define the mizing matriz and depends on the cut-off mass scale .

The renormalization modifies the scale dependence of the (renormalized) composite
operator. Due to this the classical dimension Ag gets corrected by the anomalous dilatation
operator which is the following matrix,

(2.12)

'We use the differential renormalization scheme, where no explicit addition of counter-terms is needed.



For a divergent Green function G throughout this paper we will use square brackets
to denote the scale dependence of its renormalized part i.e.,

aGren
o

G] =u (2.13)
As a regularization tool we will use the real space differential renormalization
scheme [P§.

2.1 Operator product expansion

The counter-terms needed to renormalize a composite operator O; can be obtained from
the analysis of the correlator of O; with any composite operator O,

(:0:0r:)=(:0: o/ Vi . 0 20, (2.14)

where the last expectation value is taken in the free theory. The last expression can be
evaluated using the Wick theorem. It is given by all possible pair correlators between fields
in:O: : O :and in factors of interaction exponent e/*V: in (2.14). We are interested in
counter-terms the divergences appearing from the Wick contractions between interaction
exponent and the probe composite operator.

The Wick expansion can be suitably encoded into the so called functional form

(see [BA)),

O = o2 S dndve g Danni—v2)55 . o (2.15)

where + stands for either fermions or bosons.
The Wick expansion of the product of two normal ordered operators : O,(®) : and
: Oy (®) : can be written as,

1 O04(P) = (’)ly(@) =0, * O;(CI)), (2.16)
where the star-product is given by,
O (@) % O} (D) = PasPasE=0Psy . O ($)0! (P) :, (2.17)

where ®,4 acts only on O, while (i>yB on (’)?’J. Equation (R.1¢) can be generalized to a
triple product which describes the Wick expansion of a a product of three local operators,

: Oy (’); 2O = exp{@AxDAB(x — y)fﬁgy + @AxDAC(x — z)fﬁ(;Z
—i—fi)ByDBc(y — Z)Ci)cz}ox * Oly * Og
= O, * O; * O (2.18)

where the checked letter with a subscript containing x,y, z denotes that only the operator
in respective point is differentiated. Generalization to the case of four and more factors is
straightforward. Although, the notations look similar to the non-commutative star product
(see e.g. [BI, for a review) the star product in our case is perfectly commutative.



Generically, the terms having looping lines are ill defined due to the presence of non-
integrable divergences at coinciding points of the correlators. These can be regularized and
the singularities removed using an the properties of distributions.

From the functional form of Wick expansion we can figure out that the OPE of the
product of the probe operator : O : with an arbitrary normal operator : O : is an action
of a linear differential operator:

~ o0 .
Or = Oy + Dap(z —y) <—> dp (2.19)
5%,
Dace - Dn— ) (=20 dedp +
AC\T Yy BD\T Yy 8‘1>A3‘1>B . cC¥D

Since the regularization and subtraction introduce a dependence on a cut-off parameter
1, the renormalized product will depend on the cut-off:

1 O4(®) :: O(®) 1] = {[DAB(m ~y)] (%) dp (2.20)
820
0P 10D

Now let us apply the rule (:20) to find the anomalous part coming from the OPE of
the product of interaction exponent and the probe operator,

+[Dac(z —y)Dpp(z — y)] < >x‘i>c‘i>p +... }: Oy (®) : .

Vi 1
o Vi . 0 :} = /dy[: Vy = Or 1] + E/dyl/dyg[: Vo 0V 2 Op i) +... (2.21)

This can be represented as the result of the action of a linear operator which can be

symbolically represented as,

A= [l + 5 [an [l Vi@ +oo @222)

where the operator [Qx] is the scale dependent part of Wick expansion of the star-product
of @ (which may contain by itself stars) with the probe operator,

Q4]0 = M%[Q ¢ Olreg. (2.23)

The remaining of this paper is devoted to the detailed analysis and explicit construction
of the linear operator (R.23).

3. The general case

Consider the first two terms of the dilatation operator (2.23) in general case.
The first term of (R.29) is further expanded as,

[l = [ ay [2000] v, (3.1)

= /dy <%(<i>®<i>)y-[Dy®Dy]-(cI>®<i>)
+ %( V®3) . [ 3@/@3] . (@@3) + _'((i)®4) . [Dl;@l] . (@@4) + > v,



where to further shorten the notations we introduced the following notational conventions,

(i)y "Dy - b, = da(y)Dap(y — )@ (x), (32)
(qs ® ci)) -D® Dy—x ’ (qs ® ci)) - ¢A1$A2DA1B1DA232¢)B1&)B27 (3'3)
PN =0Rd---0. (3.4)
—_——
n—times

The subscript ¥ in <i>y denotes that respective checked letter acts on the operator in y (in
this case V}). At the same time, no subscript means that the letter is localized at x = 0.
Subscript below D, denotes the argument of Dap(y).

In (B.1)) we dropped the linear in ® term, which corresponds to tree level contribution
and requires no scale dependent renormalization.

Let us turn now to the two vertex level for which the dilatation operator is given

by (B-22),

1
5 [ A [ dwelVas(on) ¢ Vis()

1
=5 [ dn / dyo ‘I’yl iz ®uy 8y Dyy B4y Dy }Vylvm (3.5)

As in the one-vertex case not all terms in the expansion of (B.§) are relevant for
the anomalous dilatation operator. In addition to tree contribution excluded at one point
function level there we should exclude also one particle reducible contribution, which should
be already taken into consideration by the action and the renormalization at the two point
level. Beyond that also the terms corresponding to diagrams containing loops involving
only one of two interaction vertices or not involving the probe composite operator should
be excluded too, since the counterterms for these diagrams are already taken into account
for action renormalization and for one-vertex renormalization.

It is not difficult to check that there are no relevant terms left at the first and second
orders of expansion of (B.H). Most terms go away at the third and fourth orders too. The
remaining terms at these orders are,

/ dy1 / dya[Vint (Y1) * Vine (y2)* / dy, / dya x

{<1> ® Dy, @ By,) - [Dy, ® Dy, —yy, @ Dy, ] - (P @ By, @ D) +

((i)(l?? ® (i)w) ’ [DZ%Q ® Dyl*yQ ® Dyz] : ((i)®2 ® (i)yQ ® (i)) }Vyl Vy2 (3-6)

Thus, to find the generator of dilatations up to the second level, we have to compute the
scaling factors of the type [Dy, Dy, Dy, _y,] for third order and of the type [DZ Dy, Dy, —y,]
for the fourth order. In fact, for fundamental boson the first term in left hand side of
equation (B.4) is already finite and thus produce no contribution to the dilatation operator,
but this is not the case if fermions or derivative letters are involved.

In fact, equations (B.J) and (B.§) already give an idea about the structure of the
dilatation operator, while the knowledge of square bracketed parts will fixe the dilatation
operator completely.



4. One-loop order

Let us restrict ourself to one-loop order in a theory with interaction potential which is of
dimension at most four and at most linear in one-derivative letters. This example includes
most of the bosonic theories e.g. gauge theories in Feynman-’t Hooft gauge.

The divergent one-loop diagrams which produce non-vanishing contribution to the
anomalous part of the dilatation operator appear in the the expansion of the interaction
exponential up to second order in interaction potential. In this section we consider first
two levels in vertex expansion.

4.1 One-vertex level

Application of the one vertex level formula (B.1]) yields,
[ = [ ay [0, (1)
1 . .y
- [ (5@ e, 0,00, God

[\)

1 . .
+ 57(@97) - [D7] - (89%) +

FE DY 65 ¥,
where the first term is one-loop, the second and third ones are respectively two and three
loop contributions.

Consider the one-loop part of (B.1) in detail. By the renormalizability V is at most
linear in first derivative letters while the composite operators can contain arbitrary number
and multiplicity of derivatives. This means that we shall keep in the expansion (B.1) only
the terms that are at most linear in (551), but impose no restrictions on (]3(”). Thus we have,

1 L. S
B /dy(@ ® @)y - [Dy @ Dy] - (P @ )V, = / Z 1)
{(m),(n)}
SR oy 1
<<¢y H)(, - 6) [a< o |+
2@; G, ) o Lo Yy,
= 2{ (n),(m) (Pap(V)) +
+2A(n)+1,(m) ((ba(bb( ))}(ﬁ((ln)&l()m)’ (42)
where we introduced the scaling factors,
/ 1,41
As,s’(V) == (_1)s+s /Vm [8Sﬁ85 ﬁ:| 5 (43)

for some main function V, = V(z).
In the second term of the r.h.s of equation (f:3) we have a derivative 9™+1, which is
not traceless. It can be shown that the trace part of the derivative can be absorbed into a



local scale independent counter-term redefinition and therefore does not contribute to the
anomalous part of the dilatation operator. Hence, the trace part of d™*1 can be safely
dropped in (£J) replacing 9™+1 — gn+1),

Am)+1,m) (V) = A1), m) (V) (4.4)
The scaling factor Ay (m) can be evaluated in the following way,

n 1 m
A, (m)(V) = (—1)m+n/me [3( )ﬁa( —2}

(n)+(m)
__ on+m £
=2 n!m!/xvx [7$2(n+m+2)]

.\ ) m(n+mf2r)
_ ontm r,r’ _nm -
=2 n!m! Zg Y(n+m-—2r) /QCVQC 12(n+m—r+2)
rin
r/|m
n!m! r,r’ _nm
= — Z mtn—2r+2 — | o 'g ' 7(n+m—2r)
.- 2 (m+n—2r+1)!(m+n-—2r)!
r’'|lm
In p2x?
« /Vm |:x(n+m—2r)|jm+n—2r+1 5 :| , (4.5)
X
z

where we used the expansion ([A.§) of product of two traceless representations into the
irreducible traceless part and traces.

The scaling factor can be further evaluated to be,

A V) — m2nlm! rx/ _nm
(n)’(m)( )= Z 2min=2r=l(m 4+ n —2r+ )I(m+n — 27")!9 V(n+m—2r)
r|n

r'|m

> /V$x(n+m—2r)|:|m+n—2r5(x)

272nIm)! , B
- Z (m+n—2r+1)! g9 7(nn]rim—Qr)a(ner . (4.6)
rin

r'|m

This completes the computation of the one-vertex contribution.

Before closing this section let us note that the the system considerably simplifies if
there are no derivative letters in both composite operator and interaction vertex. In this
case we can easily evaluate all one-vertex scaling factors [D? 2’3’4], which correspond to
respectively two- and three loop orders.

Indeed,
H®k 1 ]I@k 1 2,2
[D®k‘] — — —,Ui ka‘—l nu-y
Y (47‘r2)k y2k alu (47.‘.2)k y2
20Ok k2
= GG ). (4.7)



For the two equalities of ([.7]) we used the regularization formula ([A.2) and the prop-
erty ([A.1)) in the appendix [A] The numerical coefficients Cj, are given there in (A.4).

Plugging the result of (1) into (1)) we get for the first level,

s 5 O3 x3 Cy  ou

Here we introduced the operator ¢ defined as,

oV = ¢a(V)¢a7 (49)

where the first checked letter ¢, acts only on V.

Now taking the interaction potential V' to be one of the scalar self-interaction in N’ = 4

SYM,
V= —92 tr[da, op)> 4.10
- 4 as b] ( . )

we get for the first term in ([L.§)

16177252‘/ - Flﬂtr (: [Pa> D6 [das Do) : + ¢ [Par Pol[das Do) = + ¢ [Par Po)[Bas D] :)
- 8—7172tr (: [ba Db)[as D] +% : [bas Db)[Pa, o] :> , (4.11)

where the checked letters in the colons never act on the non-checked letters within the

same group. Also we used that
(¢, da) = 0, (4.12)

when acting on gauge invariant composite operators.

Let us note that (f.17) is precisely the one-loop N' = 4 SYM dilatation operator in
the compact SO(6) sector found in [§]. The remaining terms in (f.§) correspond to two-
and three-loop contribution coming from the Feynman diagrams with a single interaction
vertex.

4.2 Two-vertex level

Let us turn to the two vertex contribution (B.J) to the dilatation operator. The relevant
terms at this level are

/dyl /dyQ X ((fyl ® ci)yl ® (fy2) ' [Dyl ® Dy1—y2 ® Dy2] : (ci) ® (fy2 ® ci))Vylvyz- (4-13)

The one-loop part may be divergent exclusively due to presence of derivative letters.
Among the derivative letters present in the composite operator there can be an exchange
by an additional derivative from each vertex. Therefore, taking into account the derivative

,10,



letters the equation ([.13)) can be written as,

(ci)yl ®(i)yl ®(i>y2)' [Dyl ®Dy1—y2 ®Dy2] (‘f@fi) (f Z m+n
(n),(m)
<((ﬁyl ®(5y1®(ﬁy2)'[ ( )Dy1®Dy1 y2®8( Dy2] ((5 n)®éy2®(ﬁ(m))
+ 2(&;1 ® qul ® ngz) [8(n)+1Dy1 ® Dy1 Y2 ® a(m ] (QB ® ngQ ® qg(m))
+2(dy, © G @ dy,) - 0Dy, © 0Dy, _y, @ a< DyQ] (™ ® gy, @ ¢™)
+ (9L, ® by, @ diy) - [0™TDy, @ Dy —y, @ 0™ D ] (6 @ 6y, @ )
—2(dp, ® by, ® byy) - [0 FIDy, ® 0V Dy, ® O™ Dy, ] - (3 ® o, ® $)

(¢y1 ® %1 ® ¢yz) [8 )Dyl ® "D Dy, —y, ® otm )Dyz] : (Qg(n) ® QB;; ® Qg(m))>- (4.14)

Solving the tensor product structure of (f.14) equation ([£.14) reduces down to,

(ci)yl ® ci)yl ® (fy2) ’ [Dyl ® Dy1—y2 ® Dy2] ) (Ci) ® cI)y2 ® (ID) = Z (_1)m+nx

{(qz?yl )Gy, D) Dy - 6 a<n>i2(%a<m>_]

+ 2, - 6 Dy - Gy (B - 6 o L L

TN IR 1 1 1
+ 26y, - 6™ By, - 04) By - M) a};l)—Qalﬁa(m)_}
1 am)y i g 1 m)y [qm+1 L1 (m)+1/i}
(86 GG, ) |l g
= 2y I B By ) [9H1 0 ol

y1 (y1 —y2) Y3
— (. - H 1)y | o) L g1t/ 1 (m)i:|}
R A L e | B

Let us denote the scaling factors appearing in (§.15) respectively as (—1)m+"A(n),07(m),
(—1)m+"A(n)+1,07(m), (—1)m+"A(n),17(m), (—1)m+"A(n)+1,07(m)+1/ etc., depending on the
presence of derivatives in propagators.

Consider the first scale factor smeared with two probe functions V(x) = V, and W(y) =
Wy,

i I T BN |
AoV = (17 [asyvow, (o Lt com L] (w)

— 11 —



and do the following formal manipulations (dropping the divergent divergence terms):

1 (m)am 1
An),0,(m)(V, W) = /xy —x2 S ARlin >{V$Wy7( _y)g}

1
= om0y, ofmDw, oMol ——
L7y Qe R

1|m
1
= / 2 Z 1lorry,olm= 1>Wya;k>+<l>7y (4.17)

1|m

where in the second equality we used the Leibnitz rule (A.f) for multiple derivatives. For
the last equality of ((.17) we used the possibility to trade the y-derivatives of 1/(x — y)?
for z-derivatives at the price of an extra minus factor.

As a product of two traceless representation can be expanded into irreducible traceless
representations and traces (see (A.§)) and this can be applied to derivatives too, we have,

prm) = N " grriqmm om0 (4.18)

rin
r'|m
r=r’

where the sum runs over two partitions r|n and r'|m of n and m respectively, having the
same length r < min{n,m} and g”/ is the product of metric components with first index
in r and second in r’.

Plugging (E.1§) into equation (f.17) we have,

r,r’ n— m— —2r)r 1
A(n) 0 (m)(V W / Z ZZ g’ 7k+1 2r ( k)vxag(/ I)Wyaa(ck—H 2 )D (x_y)g
kin rlk
Ilm ’\l

1 rr n— m— —r+1—r' r—
:_47T2/a: WZ( Zg ’Yk+1 2raa(c k)vmags I)Wyxaag:k =0 15(90—3/)

r|k
Ilm r'|l
r=r’
1
=—dr* Z Z Dot 2r—3§;n Wy, oot {Pa;g;ml)wx},
% kn rlk
Ilm r'|l
r=r’
(4.19)
where in order to get the last equality we integrated out y using the J-function.
Let us consider the factor
1
a§k+172r) -1 { Pa;g;ml)wx} ’ (420)

- 12 —



in the last line of ({.19). Applying the Leibnitz rule to it, we can redistribute the derivatives
among 1/2% and W,

1 1
k+1-2 -1 -1 k+1-2 -1 —1- -1
P20 {ﬁa;m >w$} = gt 30 gr L groiosrmoyy (4.21)
slr—1
1
_ s+t+u_— gr—1-s+r—1—t+(k+1-2r—u)+(m-1)
>, o W.
slr—1
tjr—1
ulk—r+l-r’
The derivatives acting on 1/2? can be expanded in traceless components and traces.
It is not very difficult to see that any trace leads to a local subtraction scale independent
counter-term and can be discarded. Indeed, trace-full contribution in (f.I9) contains a

local factor 1
~ ﬁa@”mpé(;ﬂ) ~ OWIOPH (1), (4.22)

which has no dependence on subtraction scale u. Hence we can restrict ourself to the
analysis of the traceless part of 3T in (.21)). Thus, the scale factor reads,

A(n),O,(m) (V’ W) = —4n? / Z(_l)kJrl Z gnr/’)/ll({}f—l—Zr Z X

T kln rlk s|r—1
Ilm r'|l tlr—1
r=r’ ulk—r+1-r’
8(n7k)Varflfs+rf17t+(k+172r7u)+(m71)W |:i28(s+t+u)i2] ) (4‘23)
X X

The singularity was isolated in the square brackets and can be evaluated to be,

[ia(s-i-t—l—u)i] _ (_1)s+t+u2s+t+u(5+t+u)!

w(s+t+u)
22(sHttut2)

_ (—1)S+t+u+1ﬂf(s+t+u) st+tt+u+l In ,U2332
22w +2 (5 4 ¢ + u)! 2
9 (_1)s+t+u

s+t+u+1
Plugging ([.24) into (f:23) we get,

x

AETHW (). (4.24)

oy 1
A(n),O,(m) (V’W) = _87T4 Z(_l)k Z g’ 711:}1—1—21‘ Z s+t+u+1 X

kin rlk s|lr—1
llm r'|1 tlr—1
r=r' ulk—r+1-r’

a(s-{—t—l—u) {a(n—k)Var—l—s+r—1—t+(k+l—2r—u)+(m—1)W} ) (425)
Using ([£25), we can readily write the first term in the r.h.s. of (f13),

#(@1 ™) (61 - 62) (D2 - S™)A () 0.(m) (V1, V2), (4.26)
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where the checked letter ¢;, i = 1,2 acts only on the respective vertex V; before the action

of other derivatives i.e. ({.26) reads,

T3 8w.0.6m) (Gadn(V), r6e(V)) 3 B (4.27)

The remaining scaling factors in (.1) are evaluated in a similar way. Here we just
state the results,

/ 1
k Kl
Apmys1,0,m (VW) = =878 (=1)F Y "o ’Yk+12r< > T irurl
k| r|k s|lr—1
1jm r'|1 tlr—1
r=r’ ulk+1-2r

Hlstt+u) {a(nk)Jerarls+r1t+(k+l2ru)+(ml)W

+8(nk)varls+r1t+(k+l2ru)+(ml)+lw}

1
—— X
+ Z s+t+u+1

s|lr—1
tjr—1
ulk+1-2r+1

a(ertJru) { 8(n7k)+1 Varf1ferrf17t+(k+172r+17u)+(m71)w } >

= —Am),0,m) OV, W) = Ay 1,m) (Vs W), (4.284)

Ay VW) =87 S (1) S g‘”’“m‘il_zr< > !

——— X
s+t+u+1
k|n rlk s|lr—1 titut
ljm r’|1 tlr—1
r=r’ ulk-+1-2r’

Plstt+u) {8(nk)varls+r1t+(k+l2ru)+(ml)+1W}

1
— X
+ Z s+it+u+1

slr—1
tlr—1
ulk+1-2r+1

a(ertJru) {a(nk)Jrl Var1S+r1t+(k+12r+1u)+(ml)w}> , (428b)

A(n)-|-1,07(m)—|—1’(V, W) = A(n)p,(m) (81V, 81/W) + A(n)717(m)(]}, 61/1/\})
_A(n)71/7(m) (811)7 W) - A(n),1+1/7(m) (V7 W) (4280)
Awy1,1,m VW) = =B 1,mm) (0 VW) = Ay 111, VW), (4.284)
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4 7.5 k1 141" k+1-2
Ay 141,y (VW) = =87 > (—1 D i i o T TIPS

kin rlk,1
1lm Flk+1-2r+1+1
a(s+t+u)
> irari”
/ s+t+u+1
s,tlr+1—1

ulk+1-2r+141'—F
{a(n—k) Var—l—f'—1—s+r+f‘—1—t+(k+l—2r+1+1’—2f'—u)+(m—l) W}

m-+n 4 a(r) n— m —r
=2t (=)™ gy C(—)E Y T—H{a< Kygm+t-ry,
k|n r| (k1)

1jm

(4.28¢)

Summarizing, we can write down the the two-vertex one-loop part of the dilatation
operator in the following form,

!

+A(n)+1,0,(m)+ 1/ (e (V). Dpde (V)
—20 (41,17, (m) (P de(V), 61 (V)

)
—Aw) 1417,(m) (Pt (V), /qz?c(V))}ég“)éﬁm’, (4.29)

+2A(n)+1 0,(m) (¢a¢b( ) (ﬁ éc(v)) + 2A(n),1,(m)(éa(§l}(v)7 éb(ﬁc(v))
);

where various Ag g ¢ are given in (.2) and (£:29).

4.3 Fermionic contribution

So far we analyzed the case of purely bosonic exchanges. Due to space restriction the
fermionic contribution is not discussed here. However, let us give some technical hints.

To include the fermionic contribution coming from both composite operators and inter-
action vertex we have to do the above computation replacing the bosonic propagator with
the fermionic one (R.2) and taking into account the signs due to fermion anti-commutative
nature.

The scaling factors corresponding to exchange of fermions are basically the same (up to
a sign) as those for exchanging a derivative-free letter into a derivative one or viceversa. The
difference is that the fermionic checked letters are contracted by a ~-matrices in contrast
to just d-symbols in the bosonic case.

4.4 Gauge invariance

When considering a gauge theory it is important to ensure that the dilatation operator
acts within the subspace of gauge invariant composite operators. In what concerns global

,15,



gauge invariance it is more or less straightforward to see that it is respected by the dilation
operator.

The local gauge invariance is more subtle. As we know, it can be broken by quantum
corrections, but if there is a explicitly gauge invariant renormalization scheme this is not
the case (see e.g. [BJ]). As the theory was assumed to be a renormalizable and gauge
anomaly free, such a scheme is implied to exist too.

5. Discussion

In this work we gave an explicit construction of the generator of RG dilatations for local
composite operators in a theory with superficially renormalizable interaction. The one-loop
result is given in equations (.9), (f-4) and ([£5) for one vertex contribution and ([£.29) for
the two vertices. For a superficially renormalizable theory there are no expected diver-
gencies and therefore no anomalous contribution to the dilatation operator beyond the
two-vertices at one-loop order.

The obtained results can be applied to any renormalizable scalar or gauge theory. The
inclusion of fermions is straightforward and does not imply any additional computation.
Although we use condensed notations for Lorenz group? indices which allows us writing
heavy expressions in a relatively compact form, inclusion of fermions still complicates
considerably the output. We hope that more algebraic approach can be used instead which
would allow to treat fermions at the same footing as bosonic fields saving the complexity
of expressions.

Another task would be extending present results to the two-loop order and higher. In
the present work we analyzed the higher loop contribution coming from a single vertex
extension. The higher loop contribution coming from multi-vertex diagrams introduce
new technical difficulties related to overlapping divergencies. Of course, there are well
developed tools to treat such a problem. One may e.g. use the approach of [[1] and [B4] to

3 or use a combination of this approach with differential

iteratively subtract the divergences
regularization used in this work.
On the other hand the higher loop diagrams with overlapping divergences produce
alongside with the log of scale contribution also the higher powers of the log, which cor-
respond to subtractions in divergent sub-diagrams. By tuning the subgraph subtraction
scale one can absorb the linear log term. It would be interesting to understand wether this
implies that the contribution from the diagrams with overlapping divergences reduces to
a superposition of contributions of their lower order sub-diagrams. In this case the com-
plete all-loop dilatation operator could be described in terms of a finite number of basic

diagrams. Such basic diagrams appear only up to four loop order.
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A. Useful formulae

Following formula are useful for differential renormalization.

1
0— = —47%5(x), (A1)
1 1 _In p?a?
— = O ——— k> 2. A2
x2k k=1 — Dk — 2)! 2 - (A.2)
In particular,
1 1_1In p22?
— = —-0 . A.
x4 4 x2 (A-3)
The numerical coefficient in in front of r.h.s. of (A.9) we denote by Cy i.e.,
1
= . A4
Cr =Tk — 1)I(k — 2)! (A.-4)
Let us also give the expression for the scaling dependence of (A.2),
1 _
[ﬁ} = 82 CyL 0726 (), (A.5)

where we used eq. (AT]).

Leibnitz rule. Often we apply the Leibnitz rule, which in the case of multiple derivatives
is spelled out as,
O™ (f-g) =2 0" oMy, (A.6)
k|n
where sum spans all ordered partitions k|n of the set of n indices. The sets k and n — k
are respectively the subsets of taken apart and left indices.

Representation decomposition. Another fact which we use is that the product of
two traceless homogeneous polynomials of z# can be expanded in products of traceless
polynomials of lower order and traces,

min(m,n)
| ghn) g1 Z Vo e (@ Higlar | gomen—2;) (A.7)
or in the short form,
n)x(m) _ Z gr,r’,y?rnm+ni2r)ijx(m—l—n—Qr). (AS)
rin
r'|m

Taking into account, that the traceless homogeneous polynomials are when properly nor-
malized in fact 3-spherical harmonics while the trace corresponds to the singlet represen-
tation of the four-dimensional rotation group, the coefficients Y1, o, are given by (four
dimensional analogues of) Clebsch-Gordan coefficients.
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B. Over-regularization consistency

When regularizing the singular Green’s functions 1/2%* one my decide whether to include
or not certain polynomials of x inside the regulator factor or to keep it as a outside mul-
tiplier. In particular, this polynomial may include various powers of 22 itself which affects
the choice of the regularization ([A.J). Let us prove here, that the result for the scale
dependence is insensitive to wether these factors are included or not, as soon as they are
non-singular. More precisely, consider the Green’s function 1/22* and regularize it first
directly as prescribed by (A.9). Alternatively, one can represent it as,

2 2,.2
— 2 L z ktpo1 7T

a2k 7 g2ktp) T Akt p— DIk +p—2)! 2

(B.1)

This sort of regularization produces the following contribution to the dilatation oper-
ator (upon acting by ud/0u),

7'('2

T2+ p— Dk +p—2)!

ePORP25 (1), (B.2)

in contrast to

7'('2

T2k — DIk - 2)!
which is given by the direct regularization. The situation is, that both (B.9) and (B.3) are

equivalent when integrated with a regular function.

0F25(x), (B.3)

To prove the equivalence of (B.J) and (B.J) it is enough to prove the following relation,

(k+p—Dl(k+p—2)

|
wOFP25(3) = 4P OF25(x). B.4
! (=) (k— D(k — 2)! (=) (B4
This can be easily done by writing the Fourier transform of the eq. (B.4) in spherical
coordinates.
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